



Discrete Mathematics I65;‘166 (I 997) 195-204 
The chromatic numbers of distance graphs 
Walter A. Deuber a,*, Xuding Zhu b 
a Fukultiit ,fiir Mathrmatik, Unicersitiit Bielt$ld, Postfilch 100131, 33501 Biel@d, Gwmatl!, 
h Department of Applied Mathematics. National Sun Yat-.vm Cniwrsit~~, Kaohsiung X0424. Trrilwrr 
Abstract 
Suppose D is a subset of all positive integers 2. The distance graph G(2.D) is the graph 
with vertex set I and two vertices X,J are adjacent if (X - ~1 E D. This paper studies the 
chromatic number of G(Y,D). We shall concentrate on the case that IDI = 3 and give a complete 
classification of those D = {a,b,c} for which b is a multiple of a and l(G(Y,D)) = 3. 
1. Introduction 
Let Y be the set of all integers. For a subset D of 3, the distance graph G( Y. D‘I 
is the graph with vertex set Y in which two vertices X, _V are adjacent if /X - _V E 
D. Distance graphs were introduced and studied by Eggleton et al. [S]. They wcrc 
motivated by the well-known plane colouring problem: What is the least number of 
colours which can be used to colour all points of the Euclidean plane so that vertices 
at unit distance are coloured with distinct colours. L. Moser and W. Moser [8] showed 
that four colours are necessary, and Hadwiger et al. [7] showed that seven colours 
are sufficient. Essentially no further progress has been made on the problem. The 
plane colouring problem is naturally generalized to higher-dimensional spaces. The gap 
between the known upper and lower bounds of the corresponding chromatic number 
increases as the dimension increases [3]. On the other hand, the corresponding problem 
for one-dimensional space, i.e., for the real line, is trivial. It is easy to see that thi:< 
problem is equivalent to find the chromatic number of the distance graph G(9, D) for 
which IDI = 1. Obviously, x(G(ZY”, D)) = 2 if (Dl = 1. 
Eggleton et al. [5, 61 studied, among other things, the chromatic number of G( 2. D) 
for special classes of sets D. They proved that if D is the set of all primes, then 
x(G(9. D)) = 4; if D contains 2,3 and a pair of twin primes, then x(G(Y, D)) = 4; 
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if ID] = 2 and it contains two coprime integers, then x(G(T,D)) = 3 if the two 
integers are of opposite parity and x(G(T,D)) = 2 if the two integers are odd. Using 
a computer, they also calculated the chromatic number and the smallest period for a 
periodic colouring of graphs G(9,D) for which D = {2,3, p} where p is a prime 
number less than 1000. There are some other special sets D for which the chromatic 
number x(G(5?, 0)) was determined, [4-61. 
The chromatic number of distance graphs G(.ZT,D) was also studied by Chang et al. 
[2]. Our present paper is motivated by the results and a conjecture in [2]. Chang et al. 
[2] concentrated on the case that IDI = 3. They observed in [2] x(G(~,D)) d IDI + 1 
for any finite set D. Thus ~(G(T”,D)) < 4 if IDI = 3. Also if D = {a,b,c} and 
gcd(a, 6, c) = 1 (which is the only case of interest), then x(G(9,D)) = 2 if and only 
if all three integers a, 6, c are odd. Therefore the only difficulty is to decide for which 
D, x(G(S”, 0)) = 3 and for which D, x(G(ZT, 0)) = 4. For the remaining part of this 
paper, we assume that D = {a, b, c}, 0 < a < b < c and that gcd(a, b, c) = 1. The 
following results were obtained in [2]: 
Theorem A. If c = a+b, then x(G(T,D)) = 4 when a $ b (mod 3) and x(G(9’, 0)) = 
3 when a E b (mod 3). 
Theorem B. If a = 1, b = 2, therz x( G(F”, 0)) = 4 when c = 0 (mod 3) and 
x(G(_tT,D)) = 3 when c gO(mod3). 
Theorem C. lf a 3 2, b = a + 1, then x(G(9’“, D)) = 3 when c # a + b. 
Theorem C will be proved in Section 4 as a corollary of a more general result. 
The proof of Theorem B is quite staightforward. For the completeness of this pa- 
per, we sketch a proof of Theorem A. If a + b = c and a = b(mod 3) then let 
c(x) = [X/Q] (mod 3). It is straightforward to verify that c is a proper 3-colouring of 
G. Suppose c = a + b and a $ b (mod 3). Suppose to the contrary of Theorem A that 
there is a proper 3-colourable c of G. Consider the three triangles induced by the vertex 
sets/Y = {i,i+a,i+u+b}, Y = {i,i+b,i+a+b} and Z = {i+a,i+a+b,i+2a+b}. 
It is easy to derive that the three vertices i, i + a, i + 2a are coloured by three distinct 
colours. Similarly, we can show that for any i, the three vertices i, i + b, i + 2b are 
coloured by 3 distinct colours. Moreover, it can be shown that c(i + a) = c(i + b). 
Without loss of generality, we may assume that c(0) = 1, c(a) = 2, c(2u) = 3. It then 
follows that c(ia) = c(ib) E i(mod3). Therefore c(ub) E a s b(mod 3), contrary to 
our assumption. 
Based on the above results, Chang et al. [2] then proposed the following 
conjecture: 
Conjecture 1. Suppose D = {a, b, c}, where 0 < a < b < c are integers. Then 
x(G(9, D)) = 4 if and only if either c = a + b and a f b (mod 3) or a = 1, b = 2 
and c E O(mod3). 
In this paper we also study the chromatic number of graphs G( Y,D) with ID] = 3. 
We take the above results of [2] as the starting point, Our results are in support of 
the above conjecture. In particular we shall prove that the conjecture is true if h is a 
multiple of a. In Section 2, we present a general method of colouring distance graphs 
G(2.D) with IDI = 3. The method is simple, and the idea is to colour the whole 
real line .# instead of 9 in a periodic way using certain parameters. It turns out 
many graphs G(.Y,D) with (Dl = 3 can be coloured by this method. In particular, 
all previous known graphs G(Y,D) with ]D( = 3 with z(G) = 3 can be coloured by 
this method. Section 2 also contains some easy applications of this colouring method. 
In Section 3, we consider those graphs G(Y,D) with D = {u, b, c} for which h is a 
multiple of U. By applying the general colouring method presented in Section 2. we 
determine the chromatic numbers of all those graphs G(_P, D) with D = {u. mu. c’) In 
Section 4, we present some other partial results on the chromatic numbers of G( Y. D)) 
for which IDI = 3. 
2. A general colouring method 
We present in this section a general colouring method which will be used in the 
next two sections. The colouring is indeed very simple. The idea is to colour the whole 
real line d instead of colouring only the integers 3. This makes the colouring easier 
and clearer. Some complicated colouring rules used in other papers can be very simply 
described by this method. 
Let Y > 0 be a real number. We partition the real line .R into half open intervals 
I, of length Y, where Z, = [ir, (i + 1)~) (i = 0, & 1.. , ). Then we call the colouring A 
which colours the ith interval with colour i(modn) the r prviodic n-colowing of 9. 
Theorem 1. Suppose D = {u, b,c} and a < b < c. [f’ there are three i/ltr<glrr.s 
~1, 172, ~3 SUA that n, = 2(mod3), und [(nl ~ l)/u,nlja] n [(PI? ~ l)jh,nL.h]n 
[(Q - l),/c.~~:‘c] # v), then x(G(F, D)) d 3. 
Proof. Suppose t E [(n, - l)ja,nl/a] n [(IQ - l)/b.n,/b] n [(n3 ~ l)/c,n3,;c] and n, E 
2(mod 3) for i = 1, 2, 3. Let I’ = l/t. We shall show that the Y periodic 3-colouring 
,f is a proper 3-colouring of G. Let i, j E V(G) for which i - j. Suppose i < ,j. 
Then j ~ i E {u, b, c}. Without loss of generality, we may assume that i - i = u, Since 
f = 11~ t [(nl - l)/a,ni/a], we have ~11 ~ I < a,‘~ < 111. It follows from the definitior 
of v periodic 3-colouring that fG) -,f( ‘) I is equivalent to either [u/~j or [u:v~ (mod 3) 
Therefore ,f’(i) # .f (j). 0 
Corollary 1. Suppose D = {a, 6, c} und a < b -C c. Jf’ there exist integers k + 
0(mod3) and p, q E 2(mod3) such that p - 1 < hk!c < p and q ~ I < uk/c <q 
then x( G( P‘, D)) < 3. 
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Proof. Suppose k, p, q are integers such that k $ O(mod 3), p, q z 2 (mod 3) and 
p-ldbklcdpandq-ldaklc~q.Letnl=q,n2=pandletn3=kork-l 
whichever is equivalent to 2 (mod 3). It is straightforward to verify that the conditions 
of Theorem 1 are satisfied. 0 
We shall show in the remaining part of this paper that many graphs G(P’,D) can 
be 3-coloured as described in Theorem 1, by proving the existence of the parameters 
k, p and q. It may be true that all graphs G(9”,D) for which IDI = 3 and x(G) = 3 
can be coloured by the general colouring method of Theorem 1. The difficulties lie in 
the establishment of the existence of the parameters nl, n2, n3. We first derive some 
easy results in this section to illustrate the ideas. 
Corollary 2. rf’ c 6 2a, then x(G(~‘J)) 6 3. 
Proof. Let k = p = q = 2. Then 1 = p - 1 < kb/c = 2b/c < 2 = p and 1 = 
q- 1 < kale = 2alc < 2 = q. Therefore the conditions of Corollary 1 are satisfied. 0 
Corollary 3. Suppose a = 3’a’ and b = 3’b’ and a’, b’ $ O(mod 3). If c > 2b and 
a’ E b’ (mod 3) then x(G(T,D)) d 3. 
Proof. Since a’ = b’+ 0 (mod 3), either a’ E b’ E 1 (mod 3), or 2a’ s 26’ E 1 (mod 3). 
In the former case, assume that a’ = 3m + 1, b’ = 3n + 1 and in the latter case, assume 
that 2a’ = 3m + 1,2b’ = 3n + 1. Suppose that m < n and consider the closed interval 
[(3n + l)(c/b),(3n + 2)(c/b)] of 9. It has length c/b > 2. Therefore it contains two 
consecutive integers. Thus it contains an integer k f 0 (mod 3). Let p = 3n + 2,q = 
3m + 2. Then (p - l)(c/b) d k d p(c/b), i.e., p - 1 6 k(b/c) < p. Multiply all the 
three terms of the above inequality by a/b = a’/b’ = (3m + 1)/(3n + 1 ), we obtain 
q - 1 < ka/c < q. Therefore the conditions of Corollary 1 are satisfied. 0 
We note that in the proof of Corollary 3, we concluded that a certain interval contains 
an integer k for which k $ O(mod3) by using the fact that the specified interval(s) 
has length at least 2. All the requirements on the integers a, b, c are used to derive 
the fact that this certain interval(s) has length at least 2. However, having length at 
least 2 is certainly not a necessary condition for an interval to contain an integer k for 
which k $ 0 (mod 3). In the next section we shall use the structure of the appropriate 
families of intervals to establish the existence of the parameters k, p, q which satisfy 
the condition of Corollary 1. 
3. The case that b is a multiple of a 
In this section, we consider the case that b is a multiple of a. We shall classify 
all those D = {a, b,c} for which x(G(Z”,D)) = 3. To be precise, we shall prove the 
following: 
Theorem 2. Suppose h = ma is a nlultiple of’ a, and that D = {a. h,c}. Tim 
x( G(X, D)) < 3 provided that c # a + h und {a, b} # { 1.2). 
Note that the cases c = a + b and the case (0. b} = { 1.2) were solved in [2] (cf. 
Section 1). Also note that I( G(.Y, D)) = 2 only if D contains no even integers (under 
the assumption that gcd(a, b,c) = 1). Therefore we do have a complete classification 
of all those D = {a, 6, c} for which h is a multiple of a and x(G( P, D)) = 3. 
First we treat the special case that b z= 2a. If a/c, then since gcd(a,h.c.) = I we 
have a = 1, b = 2. The corresponding results for this case were obtained in [2] (cf. 
Section 1). Thus we assume that c is not a multiple of a. 
Lemma 1. Jf’b = 2a and c is not u nn~ltiplr c?f’ a. then z(G( C, D)) = 3 
Proof. Since gcd(a, 6, c) = 1 and alb, we know that gcd(a. C) = 1. Suppose c = ka + I. 
where 0 < I* < a. Then gcd(a,r) = 1. For i = 0, 1,. ,a - 1, let t, be the integer 
for which 0 d t, < a - 1 and ti E ir (mod a). Since gcd(a.r-) = 1, we conclude that 
{t~~.tl...., t,,_l} = {0,1,2 ,..., a - l}. We define a colouring f: {to,tl.._., t,,-,} +. 
(0, 1.2) as follows: First let ,f(to) = 0. For ,j = 1. 2, 3... ,a ~ 1, we define ,f’(t,) 
recursively so that f(t,) E ,f(tj_l)+l-(c-t,+t,~_I)/u(mod3). Note that c-t,+/, = , _: 
c-,jr+Cj- 1)~ E C--Y E O(moda). Indeed, it is not difficult to see that t,_l -1, = -I’ 
or a - I’, depending on whether tj > t,_l or ti < t,_l. Thus (C - t, + t,_. 1 ):u is equal 
to either k or k + 1, depending on whether t, > t,_l or t, < t,_, . 
Now we extend .f to a colouring of 2 as follows: For any n t 9, let i cz 
{O.l,2.....a- I} = {tO,tl,...,t+l} be the unique integer for which n-i z O(moda). 
Then we define f(n) E (0, 1,2} so that ,f(n) E ,f(i) + (n - i)/a(mod3). We shall 
show that ,f’ is a proper 3-colouring of G. 
Supposeu,t*ET,u > tlandu-c. Then ZI- z: is equal to a, b or c. If II- I’ = N then 
f(u) E ,f(r)+ 1 (mod3) by definition. If u--1: = b = 20 then f’(u) = ,f(l3)+2(mod3) 
by definition. Assume that CI - r = c. Let i E { 0, 1,2, . u - 1 } be the integer for whit h 
i 5 u(moda); and let j E {0,1,2;,..a - l} be the integer for which ,j 3 c(moda,. 
Suppose ,j = &. Then it follows from the fact U-C = c that i = t,+l. Therefore f(i) == 
,f(.j)+l -(c+j-i)/a. Thus J’(U) E ,f(i)-(u-i)Ia = ,f(j)+l -(c+,j-i),at(l[-i),ll I= 
,f(_j) + 1 + (U - c -j)/a = f(j) + 1 + (1. -j)/a s ,f(r) + 1 (mod3). Thus f’ is indeed 
a proper colouring of G. ??
For the remaining part of this section, we assume that D = {a, b,c}, h = MLI and 
no > 3. Moreover the case c = a + b was solved in [2]. Thus we further assume that 
c # a + b. We shall prove that x( G(9, D)) < 3 for all such graphs G(Y. D). The 
proof is divided into three lemmas. 
Lemma 2. Ij’nz G O(mod 3), then z(G(.Y, D)) d 3. 
200 W.A. Druher, X. Zhul Discrrte Mathematics 1651166 (1997) 195-204 
Proof. First we assume that me/b is not an integer. For i = 0, 1,. , let 1, be the 
closed interval [(( 1 + 3i)m + I)c/b, (( 1 + 3i)m + 2)c/b] of 9. We claim that the union 
Uz, Z, contains an integer k for which k $ 0 (mod 3). 
Let C be the circle obtained from the interval [0,3] of 9? by identifying 0 and 3. 
Let g : R ++ C be the map for which g(x) E x(mod 3). If the above claim is not 
true, then for each i the image g(Ii) of Ii is contained in the open arc (2,l) of C 
(which contains 0). Since me/b is not an integer, g(4) and g(Zi+l) do not coincide, 
as the distance between the initial point of I; and the initial point of Zi+t is 3mclb 
which is not a multiple of 3. Thus g(Ij+r ) is a shift of g(Z,) of distance r for some 
nonzero real number Y. Moreover, Y is independent of i. (With a little patience and 
care, one can determine Y in terms of a, b, c. However, it suffices for us to know that 
r # 0). Since c/b > 1 and the arc (2,l) has length 2, the shift distance r must be 
less than 1, for otherwise ~(1;) and y(Zi+ 1) can not be both contained in the open arc 
(2,l). However, this implies that Uz, g(Z,) covers the whole circle C, contrary to the 
assumption that g(Ii) is contained in the open arc (2, 1) for all i. Thus the claim is 
proved. 
Suppose k E [(( 1 + 3i)m + l)c/b,(( 1 + 3i)m + 2)c/b] is an integer for which k f 
0 (mod 3). Let p = (1 + 3i)m + 2 and q = 2 + 3i. Then (p - l)c/b < k < pc/b 
and (q - l)c/a = (q - l)(b/a)(c/b) = (1 + 3i)mc/b ,< k < ((1 + 3i)m + 2)c/b < (2 i- 
3i)(b/a)(c/b) = qcla. Therefore p - 1 < kblc d p and q - 1 < ka/c < q. Hence the 
condition of Corollary 1 is satisfied by the three integers k, p, q. Therefore x(G) d 3. 
Now we assume that mclb = s is an integer. Since gcd(a, b, c) = 1 and c # a + b, 
we have D = {l,m,s} and s > m f2. 
For i = 0, 1,. . ,m/3 - 1, let Zi be the closed interval [(m + (1 + 3i))c/b, 
(m + (2 + 3i))c/b] of 9’. We claim that the union Uzi-’ I, contains an integer k 
for which k $ 0 (mod 3). 
We assume to the contrary that the claim is false, i.e., all integers contained in 
the intervals Z, (i = 0, 1,. , m/3 - 1) are multiples of 3. Then each interval Zi (i = 
O,l>..., m/3 - 1) contains at most one integer. Note that each interval 1; has length 
c/b = sfm > 1, and hence contains at least one integer, we conclude that each interval 
contains exactly one integer. This implies that each interval has length less than 2, and 
hence s < 2m. Thus the integer contained in lo is [(m + l)s/ml = s + 2. Since the 
claim is assumed to be false, s + 2 E 0 (mod 3). Moreover, s/m < 5, for otherwise we 
would have s + 3 6 (nz + 2)s/m which implies s + 3 E IO and hence Ia contains more 
than one integer. 
For j = 1, 2,. . , m/3 - 1, let P(j) be the following statement: 
S+ 1 +3j < (m+(l +3j))s <s+2+3j and s < ~ 
2 + 3j 
m m 1 f3j’ 
We now prove that under the assumption that the claim is false, the statements P(j) 
hold for j = 1, 2,. , m/3 - 1. We shall prove this by induction on j. 
Since 1 < s/m < z, we have s + 4 < (m + 4)s/m < s + 6. Thus [(m + 4)s/ml = 
s + 5 or s + 6. However, if [(m + 4)s/ml = s + 6, the claim would be true, because 
Y + 6 E 1 (mod 3). Thus s + 4 < (m + 4)s/m < s + 5, which implies that 4sIm d 5 and 
hence s/m < i. Therefore P( 1) is true. 
Suppose that 2 < j < m/3 - 1 and that the P(j - 1) hold and that the claim is false. 
We shall prove that P(j) holds. 
Since P(j - 1) holds, we have s/m 6 (3j - 1)/(3j - 2). Therefore 3j + I < 
(1+3j)s/m~(1+3j)(3j-1)~(3j-2)=~(9j2-1)/(3j-2)<3j+3.Hence [(m+ 
1 + 3j)s,/ml = s + 3j + 2, or s + 3j + 3. Since [(m + 1 + 3j).s/ml E I, and 3.j + 3 = 
1 (mod 3) we conclude that [(m+ 1 +3j)s/ml = s+3j+2 (for otherwise the claim is 
true). Therefore s + 1 + 3j < (m -t (1 + 3j)) slm < s + 2 + 3.j. This implies that 
(1 + 3j)sim < 3j + 2. Thus P(j) holds. 
Since P(m/3 - 1) holds, we have s/m < [2 + 3( y - I)]/[ 1 + 3( T - I )I = 
(m - 1 )/(m - 2). However, we observed at the begining of the proof that s 3 IU + 2. 
Thus m + 2/m < (m - 1 )/(m - 2). Recall that m E 0 (mod 3), we see that the inequal- 
ity is satisfied only if m = 3. Moreover, s must be either 5 or 6. However, in the 
seventh previous paragraph, we concluded (under the assumption that the claim is 
false) that s + 2 E O(mod 3), which is an obvious contradiction. Therefore the claim 
is proved, i.e., the union U:$’ 1, contains an integer k for which k $ 0 (mod 3). 
Suppose k E I, = [(m + (1 + 3i))c,/h,(m + (2 + 3i))c/b] is an integer for which 
k $ 0 (mod 3). Let p = m + 2 + 3i and let q = 2. It can be verified that the triple 
k, p, q satisfy the conditions of Corollary 1. (A similar detailed verification can be 
found in a previous paragraph.) Therefore x(G) < 3. 3 
Lemma 3. If’ m E 1 (mod 3) then j~( G( _Y, D)) < 3. 
Proof. The proof of this lemma is similar to, but simpler than, that of Lemma 2. Wc 
will only point out the differences. First we assume that me/h is not an integer. For 
i = 0, I, , let I, be the closed interval [(( 1 + 3i)m)c!b,(( 1 + 3i)m + l)cjb] of .rA 
With the same argument as the corresponding part of the proof of Lemma 2. we can 
show that the union Uz, I, contains an integer k for which k $ 0 (mod 3 ). 
Suppose k E [((1+3i)m)c/b,((1+3i)m+l)c/b] 1s an integer for which k $ 0 (mod 3). 
Let p = (I +3i)m+ 1 and q = 2+3i. Then the three integers k, p, q satisfy the conditions 
of Corollary 1. Therefore x(G) d 3. 
Now we assume that me/b = s is an integer. Then the interval [mc,‘b, (m + I )bh] 
contains at least two integers. Hence [me/b, (m + 1 )c/b] contains an integer k for 
which k 9 O(mod 3). Let p = m + 1,q = 2. It is again straightforward to verify that 
the three integers k, p, q satisfy the conditions of Corollary 1, and hence z(G) < 3. II 
Lemma 4. If’ m z 2 (mod 3) then x(G(Y, D)) < 3. 
Proof. Again the proof is similar to that of Lemma 2, and we only point out the 
differences. If me/b is not an integer, then for i = 0, 1, . . let 1, be the closed interval 
[(( 1 + 3i)m + 2)c/b,(( 1 + 3i)m + 3)c,/b] of 2. With the same argument as the corre- 
sponding part of the proof of Lemma 2, we can show that the union Uz, 1, contains an 
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integer k for which k $ 0 (mod 3). Suppose k E [(( 1+3i)m + 2)c/b, (( 1 + 3i)m + 3)c/b] 
is an integer for which k $ O(mod 3). Let p = (1 + 3i)m + 3 and q = 2 + 3i. Then 
the three integers k, p, q satisfy the condition of Corollary 1. Therefore x(G) < 3. 
Now we assume that me/b = s is an integer. If s $ 0 (mod 3), then let k = s, p = 
m,q = 2. It is easy to verify that k, p,q satisfy the conditions of Corollary 1. Therefore 
x(G) d 3. Thus we assume now that s E 0 (mod 3). We also have s 3 m + 2, for 
otherwise we would have c = a + b. 
For i=O, 1, . . . . (m - 5)/3, let Z, be the closed interval [(m + 3i + 2)c/b, 
(m + 3i + 3)c/b] of 2’. We claim that the union U!!!,5)‘31i contains an integer k for 
which k $0 (mod 3). 
The proof of this claim is again similar to the corresponding part of the proof of 
Lemma 1. We assume to the contrary that all integers contained in the intervals Zi (i = 
0, 1, . ..) (m - 5)/3) are multiples of 3. Then each interval Zi (i = 0, 1,. . , (m - 5)/3) 
contains exactly one integer, and hence s < 2m. 
First we consider the interval Is = [(m + 2)c/b, (m + 3)c/b]. The integer contained 
in Zs is [(m + 2)s/ml. Since m < s < 2m, s + 2 < (m + 2)slm < s + 4. Therefore 
[(m + 2)s/ml is equal t o either s + 3 or s + 4. Since s z 0 (mod 3) and the integer 
contained in Zs is a multiple of 3, we conclude that [(m + 2)s/ml = s + 3. This implies 
that sJm < $. Since m > 5, s 2 m + 2 and s E O(mod 3), we conclude that s 3 9. 
However this implies that 9/m < 5 and hence m > 6. Since m E 2(mod3), we have 
m 2 8. Thus (m - 5)/3 2 1. 
Forj=O, I,..., (m-5)/3, we shall prove by induction on j that s/m d (3j + 3)/ 
(3j + 2) and s + 3j + 2 < (m + 2 + 3j)s/m d s + 3j + 3. The paragraph above showed 
that this is true for j = 0. Suppose that j > 1 and that the above statement is true 
for j- 1. Thens+3j+2 < (m+2+3j)s/m<s+(2+3j)3j/(3j-l) < 3j+5. 
Therefore [(m + 2 + 3j)s/ml is equal to s + 3 j + 3, s + 3 j + 4 or s + 3j + 5. However 
[(m + 2 + 3j)s/m] E Zj and h ence is a multiple of 3. Therefore [(m + 2 + 3j)s/m] = 
s + 3j + 3. This implies that (m + 2 + 3,j)s/m d s + 3j + 3 and s/m < (3j + 3)/(3j + 2). 
Thus the statement is true for j. 
Let j = (m - 5)/3. We then have s/m < (m - 2)/(m - 3). Since s 2 m+2, we must 
have m = 5 and s = 7. However, s - 0(mod3) by assumption. This contradiction 
completes the proof of the claim that the union UjT,5”3Zi contains an integer k for 
which k $ 0(mod3). 
Suppose k E Zj for some 0 d j < (m - 5)/3. Then let p = m+3j+3 and let q = 2. 
It can be verified that k, p, q satisfy the conditions of Corollary 1. This completes the 
proof of Lemma 4, as well as the proof of Theorem 2. 0 
4. Some other cases 
This section presents more cases for which Conjecture 1 is true. We shall also use 
the general periodic colourings stated in Corollary 1. 
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Theorem 3. Let k = [c/u] ij’ [c/al $ 0 (mod 3), unlA let k = [c/al + 1 othrrwisr. If 
2clb 3 k then x( G(T, 0)) < 3. 
Proof. Let p = q = 2. Then q - 1 = p - 1 = 1 < kale < kb,lc < 2 = p = q. Thus 
k, p, q satisfy the conditions of Corollary 1. 0 
The following corollary is Theorem 10 of [2], which generalized Theorem 16 of 161: 
Corollary 4. [f’ a 3 2, b = a + 1 und c # 2a + 1, thw I( G( 9, D) ) = 3 
Proof. Since a, b are of opposite parity, we have x(G(9, D)) 3 3. Thus we only need 
to show that )[(G(b,D)) f 3. If c < 2a then the result follows from Corollary 2. 
Thus we assume that c > 2a + 2. If rc/al $ 0 (mod 3 ), then let k = [c/al. We have 
k < c/a+l. Since a 3 2, we have a’-~-2 3 0. Thus a2+a < (2a+2)(a-1) < c(a-1). 
This implies that c/a + 1 < 2c/(a + 1) ??= 2c/b. Therefore k < c/a + 1 < 2c/b, and 
x( G(9’. D)) 6 3 by Theorem 3. 
Assume in the following that [c/u-j = 0 (mod 3). Let k = [c/al + 1. If rc,/ul = 3 
then k = 4 = 2(2a + 2)/(a + 1) d 2c/b, hence x(G(r, D)) < 3 by Theorem 3. 
Suppose that [c/al = 0 (mod 3) and [c/o1 3 6. Then c 3 2a(a + 1 )/(a - 1 ), provided 
that (a, b,c) # (2,3, II). It can be derived from this inequality that c/a+2 B 2c/(a+ I). 
Therefore k < c/a + 2 d 2cJb, and hence x( G( I, 0)) < 3 by Theorem 3, provided that 
(a, b, c) # (2,3, I1 ). The case (a, b, c) = (2,3,11) needs special treatment. In this case, 
we let k = 26, p = 8,q = 5, then the condition of Corollary 1 is satisfied, hence 
)I(G(I, D)) = 3. 0 
Corollary 2 asserts that if c < 2a, then x(G(/?, D)) < 3. Intuitively, this means that 
if c is small (compared to a) then x(G(Y, 0)) < 3. Our next result more or less means 
that if c’ is big enough, then x(G(S‘,D)) < 3. 
Theorem 4. Let s = b/gcd(a,b). If s 3 3bc/(a(c - 2b)) und c > 2b, t/Ten 
z(G(t,D)) 6 3. 
Proof. Since s = b/gcd(a, b), we have a/b = t/s for some integer t such that gcd(,v, t) = 
1. Thus there are positive integers u,1: such that ut - cs = 1. We shall make use of 
the fact later in the proof that us/b = ut/s = z’ + l/s. 
Let x = a,i(3b) - i, and fl = a(c - 26),/(3bc). For i = 0, 1. . , let Zi be the closed 
interval [a + iualb, x + p + iua/b]. Since each of the intervals Z; has length /I > 1j.s. 
and that each I, is the translation of If-1 of a distance P + I/s, where 11 is an integer, 
we conclude that one of the interval contains an integer. Assume that m is an integer 
contained in I,. Let n = ui. Then z+na/b < m d r+j+na/b. Replace in this inequality 
3 and fi by a/(36) - f and a(c - 26)/(3bc) respectively, and simplify it, we obtain 
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We now consider the closed interval [(l + 3m)c/a,(2 + 3n)c/b]. It has length (2 + 
3n)c/b - (1 + 3m)c/a 3 (2 + 3n)c/b - (1 + 3n)c/b + c/b - 2 = 2. Therefore it contains 
an integer k for which k $ O(mod 3). Let p = 3n + 2 and let q = 3m + 2. We 
now verify that k, p, q satisfy the conditions of Corollary 1. By the choice of k and 
m, n, we have (1 + 3n)c/b d (1 + 3m)c/a d k < (2 + 3n)c/b. Moreover, (2 + 3n)c/b = 
(1+3n)c/b+c/b < (1+3m)c/a+c/b < (1+3m)c/a+c/a = (2+3m)c/a. It then easily 
follows that p - 1 = 1 + 3n < kb/c < p = 2 + 3n and q - 1 = 1 + 3m < ka/c < q = 
2+3m. 17 
Corollary 5. If gcd(a, b) = 1, a 2 4 and c b 2ab/(a - 3), then x(G(b,D)) d 3. 
Proof. In this case s = b/gcd(a, b) = b and c 3 2ab/(a - 3) implies that c > 26 and 
b > 3bc/(a(c - 2b)). 0 
Remark 6. It is recently proved in [9] that Conjecture 1 is true if c > 2b. Therefore 
the only triples a, b, c for which the conjecture remains open are those satisfying 2a < 
c < 26. Even for such triples, the conjecture is shown to be true for a few special 
cases. It seems that the difficulty lies in verifying the conjecture for those triples a, b, c 
which are close to the line a + b = c. 
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